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5. ATM Syllabus

5.1. Module 1: Harmonic Analysis and Basic PDE, Part 1, Instructor: G K Srini-
vasan.

1. Distributional derivatives of a function f ∈ L1
loc(R

n), Dirac delta as a distribution, compu-
tation of the derivative of a Heaviside step function and showing it is the Dirac delta.

2. Defn of Green’s function of the Laplacian,

−∆GP (x) = δP (x)

Computation of the Green’s function in Rn. The Green’s function in a bounded domain in Rn

and representation of the solution

−∆u = f, u|∂Ω = 0,

as

u(x) =

∫
Ω
G(x, y)f(y) dy.

Poisson kernel P (x, y) and representation

u(x) =

∫
∂Ω
P (x, y)h(y)dσ(y),

as a solution to the problem

∆u = 0, u|∂Ω = h,

and showing that(normal derivative)

P (x, y) =
∂G

∂ν
(x, y), x ∈ Ω, y ∈ ∂Ω.

[GT]
3. Approximate identities,(see chapter 7 GT) φε(x) = ε−nφ(xε ), where φ is a smooth function

with compact support. Convergence of f ? φε(x) → f(x) in Lp norm 1 ≤ p < ∞ and almost
everywhere.

See Chapter 7 of [GT] or Sobolev Spaces by Adams.

4. Definition of Sobolev spaces W k,p(Rn), W k,p(Ω) W k,p
0 (Ω) on domains and in all space. Point

out that when p = 2 these are Hilbert spaces, otherwise Banach spaces. Use the facts about
approximate identities and distributional derivatives to establish density of smooth functions in
these spaces. Theorem 7.9 GT.

5. Fractional order Sobolev spaces, for p = 2, W s,2(Rn) can be defined via Fourier transform∫
Rn

(1 + |ξ|2)s|f̂(ξ)|2 dξ <∞.

6. Compute the duals of Sobolev spaces at least when p = 2 and state the result for other
values of p.

7. Prove chain rule for Sobolev spaces, Theorem 7.8 GT.
8. Prove Gagliardo-Nirenberg inequality, Chap 5, ES,

||f ||n/(n−1) ≤ ||∇f ||1,

when n = 1 this is the fundamental theorem of calculus which sort of is used in proving GN.
9. Use GN and plugging in f = hq and using chain rule for Sobolev, prove Sobolev inequalities,

||f ||np/(n−p) ≤ C(n, p)||∇f ||p, 1 ≤ p < n.
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10. Show that at least the case p = 2 the inequality is invariant under translation, dilations
and inversions(Kelvin transformations). Show that the extremal when p = 2 satisfies the Euler-
Lagrange eqn.,

−∆u = u
n+2
n−2 ,

this is the simplest Yamabe eqn.
11. State without proof that

uλ(x) =

(
λ

λ2 + |x− a|2

)(n−2)/2

,

is the extremal that obtains the sharp constant in the Sobolev inequality when p = 2, Students
should check that it satisfies the Euler-Lagrange eqn.

12. Compactness of Sobolev embedding, Rellich-Kondrachov theorem, Theorem 7.22 GT.
13. Borderline Sobolev results, Trudinger-Moser Theorem 7.15 in GT, to be pointed out that

Moser obtained sharp constant on S2, that is∫
S2

e4π|u−uav |2/||∇u||22dσ ≤ C,

uav =
1

4π

∫
S2

u dσ.

Also if u(x) = u(−x) then constant can be made 8π.

5.2. Module 1: Harmonic Analysis and Basic PDE, Part 2, Instructor: M Vanni-
nathan.

14. Also prove that when p > n then one has embedding into Hölder spaces, Lemma 7.16 and
Theorem 7.17 in GT.

In fact Lemma 7.16 also yields the important Poincare inequality that can be given as exercise
but for sure proved in class. That is by Lemma 7.16 for a cube or a ball B with edge length or
radius h one has for any function in W 1,p(B) that is not necessarily with compact support,(

1

|B|

∫
B
|f − fB|qdx

)1/q

≤ Ch
(

1

|B|

∫
B
|∇f |p dx

)1/p

,
1

q
=

1

p
− 1

n
, 1 < p < n.

fB =
1

|B|

∫
B
f dx.

Traditional Poincare inequality is a corollary of above by Hölder’s inequality.
15. Traces of Sobolev spaces

T : W k,p(Rn)→W
k− 1

p
,p

(Rn−1),

is a continuous map, just state it. Display the proof in the special case p = 2 and for even
fractions using the Fourier transform definition,

W s,2(Rn)→W s− 1
2
,2(Rn−1), s > 1/2.

The theorem is even valid for fractional Sobolev spaces W s,p but we have not defined fractional
Sobolev spaces for general p, interested students should consult Adams or Stein’s book for this. It
should be emphasized that Rn−1 is not important and can be replaced by a smooth hypersurface.
In fact smooth diffeomorphisms of Sobolev spaces, preserve them. Note too we can iterate T and
consider T ◦ T etc all the way to lower and lower dimensional spaces.

16. Weak maximum principle for second order elliptic PDE, Theorem 3.1 GT.
17. Hopf Boundary point lemma, strong maximum principle Lemma 3.4 GT and Theorem 3.5

GT.
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18. State the Marcinkiewicz interpolation theorem in general (p, q), but show the proof only
for the diagonal (p, p). Theorem 9.8 GT

19. Define the fractional integral, for 0 < α < n,

Iαf(x) =

∫
Rn

f(y)

|x− y|n−α
dy.

Prove ( see chapter 5, ES) the Hardy-Littlewood-Sobolev fractional integration theorem,

||Iαf ||q ≤ C(n, p)||f ||p,
if and only if

1

q
=

1

p
− α

n
.

20. Use the above to obtain regularity theorems for Poisson’s equation and Green’s represen-
tation done earlier in the course that is prove, if

−∆u = f

in Rn,

||u||q ≤ C||f ||p,
1

q
=

1

p
− 2

n
, 1 < p < n/2.

and

||∇u||r ≤ ||f ||p,
1

r
=

1

p
− 1

n
, 1 < p < n.

21. Extension theorem for Sobolev spaces Theorem 7.25 GT
22. Interpolation theorem for Sobolev spaces GT, Theorem 7.27.
23. The Calderon-Zygmund estimate. Theorem 9.9 GT

−∆u = f,

Then for 1 < p <∞
||D2u||p ≤ c(n, p)||f ||p.

24. Statement without proof of the fundamental regularity theorem for second order elliptic
PDE, Theorem 9.15 GT, a sketch of the proof may be given.

REFERENCES

GT= Elliptic Partial Differential eqns. of Second order, D. Gilbarg, N. S. Trudinger,
ES= Singular Integrals and Differentiability Properties of Functions, Elias M. Stein.
Adams, Sobolev spaces and also a very good book, Functional Analysis, Sobolev spaces and

PDE, by Haim Brezis.

5.3. Module 2: Functional Analysis, Part 1, Instructor: S Bandyopadhyay.
1. Contraction mapping principle, Method of Continuity, 5.1 GT.
2. Basic Spectral theory for self-sdjoint Compact operators and Fredholm theory, see GT,

Chap 5, HB, Chap 6. This can be done as a review with some important steps proved, need
to show the finite dimensionality of eigenspaces, discreteness of eigenvalues and the Fredholm
alternative.

3. Prove for a Hilbert space H: if uk → u weakly, then

|| 1
N

N∑
k=1

uk − u||H → 0, N →∞.
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This is needed to prove the basic result in the direct method in the calculus of variations.
4. Prove Lax-Milgram lemma, Chap 5, GT.
5. Introduce the concept of a weak solution to a PDE, Chap 8 GT, (8.1), (8.2) and show by

Lax-Milgram in the easiest case∑ ∂

∂xi
(aij(x)

∂u

∂xj
) = f ∈ L2(Ω), u|∂Ω = h ∈W 1,2(Ω),

there is a unique solution u ∈W 1,2(Ω) to the boundary value problem above. One has to carefully
clarify above that the boundary value is being taken on n the sense of traces, as the boundary of
Ω may not have any regularity, i.e u−h ∈W 1,2

0 (Ω) . This is a very simple version of Theorem 8.3
in GT. Make sure Module 1 has covered Sobolev spaces definitions and some simple properties.

6. Introduce the notion of a Gateaux derivative pages 9-15, Chap 1, AP.
Implicit function theorem and Inverse function theorem on Banach spaces, AP, Ch 2, pages

30-38. Time permitting do the application of the implicit function theorem in the rest of Chap
2, that is section 3.

It is crucial that you show many, many applications of these abstract theorems or else this
module is meaningless.

5.4. Module 2: Functional Analysis, Part 2, Instructor: A Adimurthi.
7. Global Inversion theorem, Chapter 3, AP, 45-54.
8. Some basic bifurcation theory, Chap 5, AP, 79-86.
9. Give some examples how the method of continuity can be used to solve for PDE, a-priori

estimates,Theorem 6.15 in GT for example can be sketched.
10. Degree theory in finite dimension, see NL or KD, the argument principle in 1-variable

complex analysis is not about complex analysis but a theorem about topological degree. Local
expression of the degree using the sign of the determinant of the Jacobian map.

11. Brouwer fixed point theorem, degree theory in finite dimension, NL. See also the notes SS
from now on for examples. Also there is a good treatment in Chapter 1 in KD. You can use the
exercises in KD in chap 1 to illustrate the concept.

12. Borsuk-Ulam theorem as an application/optional to do.
13. Degree theory in infinite dimension, KD. pg 56, Chap 2, do upto Theorem 9.5, Chapter

2—Domain Invariance of the degree in infinite dimension.
14. Fixed point theory, Leray-Schauder degree and applications KD.
15. Time permitting do the Liapunov-Schmidt reduction, pg 89 AP.
Consult with Srikanth and Sandeep if they want to change the Functional Analysis syllabus

substantially.
The Lecturer has to coordinate carefully with the Module 1 lecturer to see that concepts of

Sobolev spaces used etc in examples are already defined and also maximum principles used are
done.

REFERENCES
GT=Gilbarg and Trudinger, Elliptic Partial Differential Equations of Second Order.
HB= Haim Brezis, Functional Analysis, Sobolev Spaces and PDE
AP= A. Ambrosetti and G. Prodi, A primer of Nonlinear Analysis
KD= Klaus Deimling, Nonlinear Functional Analysis.
SS=Notes by Srikanth and Sandeep, ATM School 2013.
NL= N. G. Lloyd, Degree Theory.
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5.5. Module 3: Differential Geometry, Part 1, Instructor: A Ranjan.
I have written the syllabus so that many concepts are seen for surfaces S ⊂ R3. Then it

becomes easier for students to understand what these concepts mean in the abstract for general
manifolds. However, one should emphasize to students that manifolds needs not sit in something,
by eventually giving examples, for example the Poincare upper half plane with metric

ds2 =
dx2 + dy2

y2
.

1. Regular surfaces Ch2 [DC2]. Examples of regular surfaces as graphs, pre-images of regular
values of functions, Prop 2, pg 59, DC1. Important to point out cylinders, and sphere.

2. First fundamental form, metric on a regular surface, Area formula for a regular surface, sec
2.5 DC1.

3. Generalization of above concept to n-dimensional manifolds. Defn. of smooth manifold.
Putting a metric on a smooth manifold using partitions of unity, see DC2, pg 43.

4. The Gauss map of a surface, and basic properties, 3.1 DC1.
5. Gauss map in local coordinates for surfaces 3.3 DC1, compute it for tori.
6. Weingarten equations. DC1.
7. Gauss and Mean curvature 3.3 DC1.
8. Notion of a vector field on a surface DC1, 3.4.
9. Isometries and Conformal maps for surfaces 4.2 DC1
10. Christoffel symbols, pg. 232 DC1
11. Compatibility eqns. Gauss and Codazzi-Mainardi eqns. Theorema Egregium 4.2 DC1.
12. Parallel transport, Geodesics and geodesic eqn. and covariant differentiation,upto pg 247

DC1. Do problem 4, pg. 260 DC1.
13. Time permitting compute Christoffel symbols etc for surfaces of revolution, and geodesics

on surfaces of revolution pg 255 DC1.
14. State Gauss-Bonnet theorem without proof. DC1.

5.6. Module 3: Differential Geometry, Part 2, Instructor: V Pingali.
15. Define covariant differentiation on general manifolds DC2, keep always emphasizing what

was done for surfaces and how we are generalizing old concepts in a natural way.
16. State the fact that there is a Torsion free connection, Levi-Civita connection, give the

formula DC2.pg 53-55.
17. Volume formula for a Riemannian manifold. Show the invariance under change of variable.

p 45. p 84 DC2.

(det(gij))
1/2dx1 · · · dxn.

18. Riemannian curvature tensor, Ch 4 DC2.
19. Contracting the curvature tensor to get Ricci tensor. Contracting still further to get scalar

curvature, the principal object in the study of the Yamabe problem. DC2. see also pg 28 SG.
20. Defn. of geodesics and Geodesic eqn. on Riemannian manifolds, compare with the surface

case. DC2.
21. The formula for the Laplacian ∆g on a Riemannian manifold DC2, pg 83. You can also

see Sigurdur Helgason’s book Differential Geometry and Symmetric spaces towards the end for
a discussion of the Laplacin. Helgason’s book can also be used a reference for the course.

22. Expression for the Gauss curvature K in terms of the Laplacian, DC1 problem 2, pg. 237

K = −1

2
∆g(log[det(gij)]

1/2).
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Use this formula and compute the Gauss curvature for the metric of the Poincare half plane and
show the students K = −1.

23. This is very important. Deduce from the above formula the transformation law for Gauss
curvature. That is if g′ = e2ug, i.e g′ is conformal to g then,

−∆gu+K(x) = K ′(x)e2u,

where K(x) is the Gauss curvature of g and K ′ that of g′. This is at the heart of the prescribed
gauss curvature problem of the workshop.

24. Next the transformation law for scalar curvature. This is the basic Yamabe eqn. and the
heart of the workshop. Let (Mn, g) be a Riemannian manifold n ≥ 3. Let

g′ = u
4

n−2 g,

be a metric conformal to g, this is the definition or take it as one for a metric to be conformal to
another one, go back to the case of surfaces. Then the transformation law for scalar curvature is

−4(n− 1)

n− 2
∆gu+K(x)u = K ′(x)u

n+2
n−2 .

This is the prescribed scalar curvature eqn. Here K(x) is the scalar curvature of the background
metric g and K ′(x) the scalar curvature of the conformal metric g′.

25. The Weyl tensor and a metric being locally conformally flat. pg 116 SG and prop 3.9.1
SG and the corollary following.

26. Conformally Killing vector fields. This concept will be used in the famous Pohozhaev
identity in the workshop. In particular show that

X =

n∑
i=1

xi
∂

∂xi

is conformally Killing for the flat Euclidean metric

ds2 =
∑

dx2
i .

See SG for the definition of a Killing vector field. Conformal Killing is simply

LXg = λg,

where LX is the Lie derivative by the vector field X of the metric g. If λ = 0 we see the vector
field is Killing. If λ 6= 0 then conformal Killing. This will also appear in the Kazdan-Warner
obstruction in the prescribed Gauss curvature or Nirenberg problem. The Kazdan-warner proof
is simply doing Pohozhaev on the sphere S2.

REFERENCES [DC1]= Differential Geometry of Curves and Surfaces, M. P. Do Carmo
[DC2]= Riemannian Geometry, M. P. Do Carmo
[BFG]= Survey article by C. Fefferman, Grosmann and R. Michael Beals in Bulletin AMS

around 1983. This article can also be used for the workshop in the discussion of Weyl law for
eigenvalues of the Laplacian on compact Riemannian manifolds.

[SG]= Samuel Goldberg, Curvature and Homology. Most of the transformation laws for scalar
curvature are proved here.
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6. Workshop Syllabus

6.1. Module 1, Eigenvalues of the Laplace Operator. Instructor: Mayukh Mukher-
jee.

REFERENCES
[GT]= Elliptic Partial Differential equations of Second Order, Gilbarg and Trudinger
[IC] Eigenvalues in Riemannian Geometry, Isaac Chavel
[LL] Analysis, E. Lieb and Michael Loss, AMS Graduate texts
[BFG] R. Beals, C. Fefferman, Grosmann, Bulletin AMS, 1983

1. Consider the equation, for V (x) bounded in a domain Ω that is bounded and has smooth
boundary, f ∈ L2(Ω) and h smooth

−∆u+ V (x)u = f, u|∂Ω = h

Then first show using Theorem 8.6 GT that this has a solution in W 2,2, using Fredholm theory
and Rellich-Kondrachov compactness proved in ATM school.

2. Next consider

−∆u+ V (x)u = λu, u|∂Ω = 0.

Applying the Fredholm theory Module 2 ATM etc, show the eigenvalues are discrete and
eigenspaces are finite dimensional. See in particular sec 8.12 GT.

3. Assuming V is smooth, use the fundamental regularity theorem (Module 1, ATM) and
repeated differentiation of the eqn. to establish that u is smooth.

Using facts from Module 3 of the ATM generalize all the Rn results to Riemannian manifolds
which are compact and have no boundary to

−∆gu = λu.

You may wish to show that ∆g whose formula was given in Module 3 is a self-adjoint operator with
the Riemannian volume element discussed in Module 3. Rellich-Kondrachov compactness applies
as we can model the Sobolev space on compact Riemannian manifolds on the Euclidean one,
by taking a finite partition of unity of the manifold and within the injectivity radius things are
Euclidean. Here it is upto the speaker how much detail to give. So we have discrete eigenvalues
and finite dimension eigenspaces even on compact Riemannian manifolds.

4. Variational Characterization of Eigenvalues, Minimax principle, IC.
5. Lowest eigenvalue via variational characterization on domains in Rn, sec 8.12 GT.
6. Courant Nodal domain theorem IC.
7. Variational characterization of lowest eigenvalue on domain in Rn. This characterization

should be used to show that the first eigenfunction is positive and lowest eigenvalue is simple on
domains in Rn with zero boundary values. See section 8.12 GT.

8. It should be pointed out that other types of boundary conditions, Neumann exist for domain
in Rn.

9. Using re-arrangements(see LL for facts on re-arrangements that you will need and definition
of re-arrangements) prove or sketch a proof of the Faber-Krahn theorem, that the ball realizes
the smallest first eigenvalue for Euclidean domains with given volume. See IC for Faber-Krahn.

10. Prove the Bochner-Weitzenbock formula and using it to show the Lichnerowicz bound for
the lowest non-zero eigenvalue for −∆g on a compact Riemannian manifold in terms of the Ricci
curvature. Module 3 is needed as Ricci is defined there and some properties like symmetry of
Ricci tensor hopefully done.
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11. Converse of Lichnerowicz bound, Obata’s rigidity theorem that is if lowest bound is
achieved then manifold is isometric to a sphere can be stated.

12. Motivate the heat kernel Minakshisundaram-Pleijel method by naively considering∑
j

e−tλjφj(x)φj(y) = Kt(x, y),

where λj are the eigenvalues of −∆g with multiplicity and φj(x) are the corresponding normalized
eigenfunctions. Then ∫

M
Kt(x, x)dVg(x) =

∑
j

e−tλj .

So if we had a formula for the heat kernel we would get some idea of the Laplace transform of the
counting function of the distribution of eigenvalues. We could then apply a Tauberian theorem
and get the counting function from its Laplace transform.

13. Carry out the program outlined above by following the heat kernel construction on compact
Riemannian manifolds as in IC. Here you will have to use the machinery from Module 3. Your
goal is to arrive at a Weyl law on the distribution of eigenvalues for ∆g.

6.2. Workshop Module 2, Prescribing Gauss Curvature. Instructor: Kunnath Sandeep.

REFERENCES
[H]= Prescribing Gauss Curvature on S2, Zhengchao Han, Duke Math. J.
[CY]= Prescribing Gauss curvature, Alice Chang and Paul Yang, Acta Math. 1986
[CK]=Conformally Invariant systems of Liouville type, S. Chanillo, M. Kiessling, GAFA,

5(6),1995,924-947.

Review of some material from ATM. 1. Definition of Gauss curvature.

2. Sobolev spaces W 1,2(S2) and Ẇ 1,2(S2) on the sphere. Can view as patching things in local

charts or consider Ẇ 1,2(S1) and Fourier series∑
k 6=0

|k|2|ak|2 <∞,

but do the same on S2 using spherical harmonics.
3. Moser-Trudinger inequality and sharp constants for the Moser-Trudinger inequality on S2.
4. Formula for the Gauss curvature of metrics conformal to the standard round metric g on

the sphere, i.e. g′ = e2ug, g is the round metric on S2, then

−∆gu+ 1 = K(x)e2u,

where K(x) is the Gauss curvature for the metric g′.
This ends the basic review of material from ATM.
5. Re-writing the PDE as a variational problem and showing why the extremals of the varia-

tional problem give a solution to the PDE, that is consideration of the functional

Φ(u) =

∫
S2

(|∇gu|2 + u)dvg − log(

∫
S2

K(x)e2udVg.

You may have to explain |∇gu|2 that | · |g involves the metric as ∇gu is a tangent vector.
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6. Moser-Trudinger inequality says,∫
S2

(|∇gu|2 + u)dvg − log(

∫
S2

e2udvg) ≥ −C

7. Onofri’s inequality and proof i.e∫
S2

(|∇gu|2 + u)dvg − log(

∫
S2

e2udvg) ≥ 0.

The case of equality in Onofri’s inequality, can tell them it is a form of Obata’s theorem. See [H].
8. Solution by Moser of the prescribed Gauss curvature problem, under the assumption K(x) =

K(−x), see the proof in [H].
9. Obstructions: Gauss-Bonnet and Kazdan-Warner, see proofs [H]
10. The concept of mass-center and why compactness in the functional Φ(u) is regained if the

mass-center does not approach the sphere S2. See [H] and [CY]. Show how Moser’s condition
forces the mass-center to remain away from S2.

11. The Gauss curvature eqn in R2, Liouville’s equation

−∆u = e2u,

∫
R2

e2u <∞.

Classification of solutions (sketch via Pohozhaev) of this eqn. Chen-Li, [CK], Chanillo-Kiessling
and form of the radial solutions which are conformally invariant

uλ(x) = − log(1 + λ2|x− x0|2)

12. A few words on bubbling, concentration in the functional and how the classification is used
in Φ(u).

13. A normal form for Φ(u) near critical points, see [H]
14. Sketch of the theorem of Chang-Yang and Han of the existence of solutions, you may have

to wave hands a lot around the Morse theory.
15. Any other material you may wish to present from your own research works.

6.3. Module 3, Critical Exponent Equations. Instructor: S Mazumdar.

REFERENCES
[MS]= Variational methods and their Applications to Nonlinear PDE and Hamiltonian Systems,
Michael Struwe.

[NT]= Remarks concerning the deformation of Conformal Structures on compact manifolds,
Neil Trudinger, Annali della Scuola Norm Sup. (Pisa), 22(1968),265-274.

[LN]= Variational and Topological Methods in nonlinear Problems- A survey, Bull. AMS,
(New Series) 4(1981), 267-302.

[BN]= Positive solutions of nonlinear elliptic eqns. involving critical exponents, CPAM 36(1983),
437-477.

[S1]= Lectures in Differential Geometry, vol 1, R. Schoen and S.-T. Yau, International Press.
[S2]= Conformal Deformation of a Riemannian metric to constant scalar curvature, R. Schoen,

J. Differential Geometry, 20(1984),479-495.
[S3]= Variational Theory for the Total Scalar Curvature Functional for Riemannian metrics

and Related Topics, R. Schoen , Springer Lecture Notes in Math., 1365, M. Giaquinta(ed).
[A1]= Nonlinear Analysis on Manifolds, Th. Aubin, Springer.
[LP]= Lee and Parker, Bull AMS 1987.



AIS ON GEOMETRIC ANALYSIS 15

1. Review of Sobolev inequality, extremals of the Sobolev inequality and sharp constant from
ATM.

2. Pseudogradient, Palais-Smale condition, [MS], [LN].
3. Deformation lemma [MS], [LN]
4. Mountain Pass theorem [MS], [LN]
5. Applications of the Mountain pass theorem to sub-critical examples [MS], [LN]
One could do other index, Krasnoselskii, Ljusterman-Schnirelman category, depending on time

etc etc.
6. The critical exponent problem in Euclidean space

−∆u = u
n+2
n−2 .

Pohozhaev identity [MS] and failure to get non-trivial solutions on say convex domains with zero
boundary values.

7. Some idea that non-trivial Topology helps to get non-trivial solutions, Bahri-Coron. One
can show for example that Sobolev embedding improves for radial functions on an annulus, by
showing

|f(a)| ≤
∫ ∞
c
|f ′(r)| dr ≤ (

∫ ∞
c
|f ′(r)|2rn−1 dr)1/2(

∫ ∞
c

r−n+2 dr dr)1/2.

etc. etc.
8. State the classification of solutions of

−∆u = u
n+2
n−2 .

Caffarelli-Gidas-Spruck. Compare with Sandeep’s course and remind of a similar classification
there.

9. Prove the Brezis-Nirenberg theorem that for n ≥ 4, λ ∈ (0, λ1), there is a positive solution
to

−∆u− λu+ u
n+2
n−2 , u|∂Ω = 0.

Results for n = 3 can be stated with no proof. Key point to emphasize is

Sλ < S

where S is Sobolev constant and plugging in the bubble to test. In effect a local calculation
does it. Give the idea that for a very concentrated bubble on a manifold, the calculation is very
Euclidean on introducing suitable coordinates. [MS], [BN]

10. Bifurcation of solutions in [BN] see Fig 2.1 chapter III, [MS]. You may have to review
bifurcation salient points from ATM.

11. Review of Yamabe eqn. and scalar curvature.
Re-writing the Yamabe problem as a variational problem. (Mn, g) is a compact Riemannian

manifold. Then we want to consider

inf

∫
M |∇u|

2 +R(x)u2dvg( ∫
M u2n/(n−2)dvg

)(n−2)/n
.

Recall the transformation law from ATM and point out we want a metric so that the new scalar
curvature is constant. Point out how close the eqn. is to the Brezis-Nirenberg situation

12. Thus the hope is to plug the same Sobolev bubble very concentrated into the bubble and
see that we are below the Sobolev constant. PSc. Can give Aubin’s [A1], [S1] calculation details
here in a sketchy form and point out the punchline that

−|W |2

W the Weyl tensor appears and so the critical value of the functional falls below the Sobolev
constant and we regain compactness.
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13. What about if W = 0, we are locally conformally flat. Then sketch the argument of
Schoen, [S1], [S2], [S3] using a global test function manufactured out of the Green function of the
conformal Laplacian.

14. Any other topics from personal research on Loss of compactness and failure of Palais-Smale
etc.


