
Tutorial - Multivariate Division Algorithm

(1) Which of the following rings are Euclidean domains?
(a)K[X,Y ] where K is a field (b)Z[X] (c) K[| X |] where K is a field.

(2) Consider a robot arm in R2 that consists of three arms of length 3, 2 and 1, respectively.
The arm of length 3 is anchored at the origin, the arm of length 2 is attached to the
free end of the arm of length 3, and the arm of length 1 is attached to the free end of
the arm of length 2.

(i) How many variables does it take to determine the state of the robot arm?
(ii) Also give the equations for the variety of possible states.

(3) Consider the curve defined by Y 2 = cX2 −X3 where c is some constant. This is called
the nodal cubic curve. Draw the picture of the nodal cubic curve when c > 0.

(i) Show that a line meets this curve in either 0, 1, 2 or 3 points.
(ii) Show that a non-vertical line through the origin meets the curve in exactly one

other point when m2 6= c.
(iii) Draw the vertical line X = 1 and given a point (1, t) on this line, draw the line

connecting (1, t) to the origin. This will intersect the curve in a point (x, y). By
expressing the co-ordinates x and y in terms of the parameter t find the parametriza-
tion of the nodal cubic curve.

(4) Let V = V (X2 − Y 2Z2 + Z3) ⊆ R3. Find the parametrization of this surface. ( Hint:
Put Y 2 = c and use exercise above.) For a picture of this surface see page no-16 of the
book by Cox, Little and O’Shea.

(5) Show that the lexicographic and graded reverse lexicographic orderings are monomial
orderings.

(6) In one variable division algorithm show that the remainder and quotient are unique.

(7) Rewrite each of the following polynomials, ordering the terms using the lex order, the
grlex order, and the grevlex, order giving LM(f), LT (f) and multideg(f)

(i) f = 2X + 3Y + Z + X2 − Z2 + X3

(ii) f = 2X2Y 8 − 3X5Y Z4 + XY Z3 −XY 4

(8) Compute the remainder on division of the given polynomial f by the ordered set F first
w.r.t. grlex monomial order and then w.r.t. lex order.

(i) f = X7Y 2 + X3Y 2 − Y + 1 with F = (f1 = XY 2 −X, f2 = X − Y 3).
(ii) Repeat part (i) with the order of the pair reversed.

(9) Let f = X3 −X2Y − x2Z + X by f1 = X2Y − Z and f2 = XY − 1. Use grlex order.
Let r1 = remainder of f on division by (f1, f2) and r2 = remainder of f on division by
(f2, f1).

(i) Compute r1 − r2. Is r = r1 − r2 in the ideal < f1, f2 >? If so, find an explicit
expression r = Af1 + Bf2.

(ii) Compute the remainder of r on division by (f1, f2).
(iii) Find another polynomial g ∈< f1, f2 > such that the remainder on division of g by

(f1, f2) is non-zero. ( Hint (XY + 1)f2 = X2Y 2 − 1 whereas Y f1 = X2Y 2 − Y Z.)
(iv) Does the division algorithm give us a solution for the ideal membership problem

for the ideal < f1, f2 >?
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