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A denotes a commutative ring containing 1.

1. Suppose that CharA 6= 1, 2 and the unit group A× of A is cyclic. Then show that A×

is finite of even order.

2. Suppose that A is finite. Show that every nonzerodivisor is a unit. In particular, finite
integral domains are fields.

3. Let K be a field. Show that every finite subgroup G of K× is cyclic. (More generally,
every finite subgroup of the unit group A× of an integral domain is cyclic. Moreover,
if G 6= {1}, then

∑
a∈G

a = 0. In case of arbitrary rings, give a counterexample to this

statement.)

4. Show that the following statements are equivalent:

(i) Spm(A) is singleton, i.e. A has exactly one maximal ideal.

(ii) A \ A× is an ideal in A.

(iii) A \ A× is a subgroup of the additive group (A,+) of A.

5. Let {Ki}i∈I be a family of fields and A :=
∏
i∈I

Ki.

For a = (ai)i∈I ∈ A′, let

D(a) := {i ∈ I | ai 6= 0} ⊆ I and

V (a) := I \ V (a) = {i ∈ I | ai = 0}.
For an ideal a of A,

let F(a) := {V (a) | a ∈ a} ⊆ P(I) (= the power set of I)

Show that

(i) Aa = AeD(a) and F(Aa) = {J ⊆ I | V (a) ⊆ J}, where for J ⊆ I, eJ ∈ A denote
the indicator function of J .

(ii) The map a 7→ F(a) is an isomorphism of the lattice of ideals of A onto the lattice
of the filters on the set I.

(iii) The ideal a is maximal in A if and only if F(a) is an ultra filter on I. In particular,
the maximum spectrum of A can be identified with the set of ultra filters on the
indexed set I.

(iv) The principal ultra filters F(i) = {J ⊆ I | i ∈ J}, where i ∈ I is fixed, correspond
to the principal maximal ideals AeI−{i}, i ∈ I.

If I is finite, then these are all maximal ideals in A. In particular, in this case, A
is a principal ideal ring.

(v) If I is infinite, then there are non-principal maximal ideals. More precisely, the
non-principal maximal ideals of A are exactly the maximal ideals which contain
the direct sum ideal

⊕
i∈I

Ki ⊆ A.
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